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a b s t r a c t
A (k, g)-cage is a (connected) k-regular graph of girth g having
smallest possible order. While many of the best known construc-
tions of small k-regular graphs of girth g are known to be Cayley
graphs, there appears to be no general theory of the relationship
between the girth of a Cayley graph and the structure of the un-
derlying group. We attempt to fill this gap by focusing on the girth
of Cayley graphs of nilpotent and solvable groups, and present a
series of results supporting the intuitive notion that the closer a
group is to being abelian, the less suitable it is for constructing Cay-
ley graphs of large girth. Specifically, we establish the existence
of upper bounds on the girth of Cayley graphs with respect to the
nilpotency class and/or the derived length of the underlying group,
when this group is nilpotent or solvable, respectively.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The girth of a graph is the length of its shortest cycle. A (k, g)-graph is a k-regular graph of girth g ,
and a (k, g)-cage is a (k, g)-graph of smallest possible order. The notation n(k, g) is commonly used
for the order of the smallest k-regular graph with girth g , while rec(k, g) is used to denote the order
of the smallest known k-regular graph with girth g .
Although the existence of a (k, g)-graph for any pair (k, g) with k ≥ 2 and g ≥ 3 is a well-
established fact (see [15], for example), the precise order of cages has been determined only for a
very limited set of such pairs; see the survey in [8]. Finding these orders is ultimately dependent on
having a good construction for graphs that are provably smallest with the given parameters.
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The following lower bound is easy to establish by considering vertices at distance up to b(g−1)/2c
from a given vertex or edge:
n(k, g) ≥
{
1+ k+ k(k− 1)+ · · · + k(k− 1)(g−3)/2 for g odd
2(1+ (k− 1)+ · · · + (k− 1)(g−2)/2) for g even. (1)
This bound is called the Moore bound, and graphs for which it is attained (and so equality holds) are
calledMoore graphs.
Moore graphs are very rare, and inmost cases all we have is either an asymptotic bound (see [4]) or
a construction that is believed to be good. Aside from a few computer-aided constructions, themajority
of the current best known constructions are based on algebra — either taking advantage of Cayley
graphs, or involving finite groups in voltage graph constructions [8], so that the resulting graphs
possess relatively large automorphism groups with a small number of orbits. This has occurred for
various reasons, one being the fact that the girth of vertex-transitive graphs is easy to determine,
since every vertex of a vertex-transitive graph lies on at least one girth cycle.
Despite the repeatedly proven usefulness of algebraic cage constructions, no systematic
investigation appears to have been conducted into the properties that make a group more (or less)
suitable for a specified construction; the justification for most methods has been that they happened
to work, by producing small examples.
The purpose of this paper is to establish a basis for understanding the group-theoretical properties
that lead to the best constructions involving Cayley graphs. In particular,we investigate the limitations
of Cayley graph cage constructions based on nilpotent or solvable groups.
Our approach begins with two observations. The first is based on experimental evidence that
we have gathered while undertaking exhaustive searches among groups of certain orders being
considered for use in voltage graph constructions. In that context, groups that are close to being
abelian have proved to be less useful than others. Moreover, when constructing lifts of the Petersen
graph in [7], one of us noticed that abelian voltage groups frequently produce graphs with the same
girth, regardless of the size or other properties of the group. Our second observation is the simple
fact that Cayley graphs with an abelian base group all have girth at most 4. This leads naturally to a
question about whether there is a relationship between the length of the derived series of a solvable
group Γ (which in some sense measures how the group strays from being abelian) and themaximum
girth of Cayley graphs based on Γ .
The results of our investigations are presented in two parts: one devoted to Cayley graphs for finite
nilpotent groups (in Sections 3 and 4), and the other to Cayley graphs for the larger class of finite
solvable groups (in Sections 5 and 6). In each of these we present both theoretical arguments and
supporting evidence from substantial computations. Additional observations are made in the final
section.
2. The girth of Cayley graphs
A graph G is called vertex-transitive if for any ordered pair (u, v) of vertices of G there exists an
automorphism φ of G such that φ(u) = v. This definition implies that a vertex-transitive graph is
locally the same around every vertex, and all its vertices lie on cycles of the same lengths. Hence if
there are no short cycles in the neighborhood of (any) one of the vertices, then there are no short
cycles in the graph at all.
A vertex-transitive connected graph G is called Cayley if it has a group Γ of automorphisms
such that Γ acts regularly on V (G), which means that for all u, v ∈ V (G) there exists exactly one
automorphism ϕ ∈ Γ such that ϕ(u) = v. An equivalent (and more customary) definition is as
follows. Let Γ be a finite group, and let X = {x1, x2, . . . , xk} be a generating set for G with the
properties that X = X−1 and 1Γ 6∈ X . Then the Cayley graph Cay(Γ , X) has vertex set Γ and edges
from each vertex g to the vertices gxi for 1 ≤ i ≤ k. Accordingly, ordered edges of a Cayley graph
Cay(Γ , X) can be thought of as colored by the elements in the generating set X , and each closed walk
in a Cayley graph may be associated with a reduced wordw(x1, x2, . . . , xk) on X , recording the labels
of the edges of the walk and satisfying the condition
w(x1, x2, . . . , xk) = 1Γ in Γ . (2)
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Conversely, each reducedwordw(x1, x2, . . . , xk) satisfying (2) gives rise to a closedwalk in Cay(Γ , X)
labeled by the letters ofw.
The following is a simple translation of the above observations. Here a cyclically reduced word
(sometimes called a non-reversing cycle) in X is a word of the form xi1xi2 . . . xis such that xiu 6= x−1iv
when u− v ≡ ±1mod k (that is, has no letter xi followed immediately by its inverse, inside the word
or in the first and last position). Also throughout this paper, we do not allow for words of length 0.
Lemma 1. The girth of Cay(Γ , X) is equal to the length of the shortest cyclically reduced word
w(x1, x2, . . . , xk) equal to 1Γ . 
Hence in particular, if xij = 1Γ then Cay(Γ , X) contains a closedwalk of length j, and so the girth of
Cay(Γ , X) is bounded above by the smallest order of a non-involutory element in X , if such an element
exists.
Similarly, sinceX is closedunder taking inverses, there exists a path of length 4 in Cay(Γ , X) labeled
by the non-trivial reduced word xixjx−1i x
−1
j , for any pair of distinct generators xi, xj ∈ X such that
xi 6= x−1j . Note that this word equals 1Γ whenever xi commutes with xj. Hence if the group Γ is
abelian and the generator set X contains at least two elements that are not mutually inverse, then the
Cayley graph Cay(Γ , X) has girth at most 4.
3. The girth of Cayley graphs of nilpotent groups
Next, we extend the observation made at the end of the previous section to the class of nilpotent
groups. Such groups may be considered to be closest (in some sense) to the class of abelian groups.
The results of this section support the main thesis of our paper, namely that the closer a group is to
being abelian, the less suitable it is for constructions of Cayley graphs with large girth.
The commutator [x, y] of group elements x and y is the element x−1y−1xy, which is trivial if and
only if xy = yx. Given subgroups H and K of a group Γ , let [H, K ] denote the subgroup of Γ generated
by all commutators of elements from H and K :
[H, K ] = 〈{h−1k−1hk : h ∈ H, k ∈ K}〉.
Next, the lower central series for Γ is the descending chain
Γ = Γ0 ≥ Γ1 ≥ · · · ≥ Γi−1 ≥ Γi ≥ Γi+1 ≥ · · ·
of subgroups of Γ defined recursively by setting Γ1 = [Γ ,Γ ], and Γi+1 = [Γ ,Γi] for all i ≥ 1. If the
lower central series for Γ terminates at the identity subgroup after finitely many steps (that is, with
Γi = 〈1Γ 〉 for some i ), then the group Γ is said to be nilpotent, and if ν is the smallest value of i for
which Γi = 〈1Γ 〉, then Γ is said to have nilpotency class ν (or more simply, be nilpotent of class ν).
It is not difficult to prove that every nilpotent group Γ has a unique Sylow p-subgroup for each
prime p dividing |Γ |, and so Γ is isomorphic to the direct product of its Sylow subgroups; see [16] for
example.
In order to deal with cyclically reduced words in nilpotent groups, we need to consider cyclically
reduced words in finitely generated free groups.
Let F(a1, a2, . . . , an) be the free group of rank n, generated by a1, a2, . . . , an. Recall that the
elements of this group are all finite strings created from the symbols a1, a−11 , a2, a
−1
2 , . . . , an, a
−1
n ,
under the operation of concatenation, and subject only to the usual group-theoretical identities
aia−1i = a−1i ai = 1 for 1 ≤ i ≤ n. The length of an element is just the length of the string (that
is, the number of symbols making it up), and the identity element of F(a1, a2, . . . , an) is the empty
string, of length 0.
As is well known, every group Γ generated by k elements is a homomorphic image of the free
group F(a1, a2, . . . , ak). In our context, k can be smaller than the size of a Cayley generating set X
(which has to be closed under inverses). In fact, if X = {x1, x2, . . . , xk} is a Cayley generating set for
Γ , and X is made up of ι involutions and (k − ι)/2 pairs of mutually inverse non-involutions, then G
is a homomorphic image of the group
F(k, ι; a1, a2, . . . , an) = 〈 a1, a2, . . . , an | a21 = a22 = · · · = a2ι = 1 〉,
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where n = ι + (k − ι)/2 (or equivalently, k = 2n − ι). Terms of the lower central series for such
groups are fundamental to our consideration of the girth(s) of Cayley graphs of nilpotent groups, as
the following shows:
Theorem 1. Let Γ be a nilpotent group of class ν , with a Cayley generating set that contains exactly ι
involutions, and let n = ι + (k − ι)/2. Then the girth of Cay(Γ , X) is bounded above by the length of a
shortest cyclically reduced element of the group F = F(k, ι; a1, a2, . . . , an) that lies in the νth term Fν of
the lower central series of F .
Proof. Let us assume without loss of generality that
X = {x1, x2, . . . , xι, xι+1, xι+2, . . . , xn, x−1ι+1, x−1ι+2, . . . , x−1n },
where x1, x2, . . . , xι are involutions, and let ϕ : F → Γ be the unique homomorphism satisfying
ϕ(aj) = xj for 1 ≤ j ≤ n. Then since Γ has nilpotency class ν, we see that ϕ(Fν) ⊆ Γν = 〈1Γ 〉. Hence
if w = w(a1, a2, . . . , an) is one of the shortest cyclically reduced words of F lying in Fν , then ϕ(w) is
a cyclically reduced word in X that is equal to 1Γ , and the result follows from Lemma 1. 
Note that the fundamental principle behind this theorem is the fact that every nilpotent groupΓ of
class ν generated by ι involutions and n− ι non-involutions is a homomorphic image of the universal
quotient
F(k, ι; a1, a2, . . . , an)/Fν(k, ι; a1, a2, . . . , an).
Corollary 1. For every k, ι and ν such that k > 2, 0 ≤ ι ≤ k and ν > 0, there exists an integer gk,ι,ν with
the property that for every nilpotent group Γ of class ν and every k-subset X of Γ closed under inverses
and containing ι involutions, the girth of Cay(Γ , X) is bounded above by gk,ι,ν .
Proof. Take gk,ι,ν as the length of the shortest cyclically reduced word in Fν(k, ι; a1, a2, . . . , an). 
This generalizes our observation at the end of the previous section about the girth of all Cayley
graphs for abelian groups requiring at least two generators. It also shows that constructing an infinite
family of Cayley graphs for nilpotent groups with ever-increasing girth must involve the use of
nilpotent groups of increasing class.
4. Estimates for the girths of Cayley graphs of nilpotent groups
We have seen that bounds on the girth of Cayley graphs for nilpotent groups are closely related
to the study of all cyclically reduced words in the groups Fν(k, ι; a1, a2, . . . , an). Before proceeding
further, we note that the case k = 2 is left out of Corollary 1 for a good reason: If |X | = 2, then Γ is
either cyclic (when ι = 0) or dihedral (when ι = 2); moreover, in both cases Cay(Γ , X) is necessarily
isomorphic to a cycle of length |Γ |, so the graph is a circulant. As there are cycles of every possible
girth, the girth of 2-valent Cayley graphs for nilpotent groups is not bounded above.
We now define Nil(k, ι, ν) to be the smallest positive integer g with the property that the girth of
every Cayley graph Cay(Γ , X) of a finite nilpotent group of class ν with generating set X of size k and
containing ι involutions is at most g , for k > 2, 0 ≤ ι ≤ k and ν > 0.
Note that since the number of non-involutions in X must be even, this notation makes sense only
when k − ι is even, and hence we will assume that throughout the rest of this paper. By Theorem 1,
an upper bound for Nil(k, ι, ν) is given by the length of a shortest cyclically reduced word in the νth
term Fν of the lower central series of the group F = F(k, ι; a1, a2, . . . , an). As we will see, this bound
is often sharp. Also this bound is at worst quadratic in ν, as we show below.
Theorem 2. Nil(k, ι, ν) ≤ (ν + 1)2 whenever k ≥ 2, 0 ≤ ι ≤ k and ν ≥ 1.
Proof. We use induction on ν to prove that the length of a shortest cyclically reduced word in Fν
is bounded above by (ν + 1)2, irrespective of the values of k and ι. This is true for ν = 1 since
commutators [a, b] = a−1b−1ab have length 4 = 22, and is also true for ν = 2, since F2 = [F , [F , F ]]
contains words of length 8 of the form [a, [a, b]] = a−1b−1a−1bab−1ab where a and b are generators
of F . Moreover, in each case, there exists more than one possible word of the desired length (since F
has more than one generator and generating symbols for F can be permuted among themselves).
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Now assume that ν ≥ 3, and that the given bound is valid for allµ < ν, and that there exist at least
two wordsw of length `(w) ≤ (µ+ 1)2 in the subgroup Fµ of F(k, ι; a1, a2, . . . , an), for all such µ.
By well-established commutator identities (as in [14] for example), we know that [Fi, Fj] ⊆ Fi+j+1
for all i and j.
In particular, if ν = 2µ+1 (odd), thenwe can take i = j = µ, and observe that Fν contains [Fµ, Fµ].
Now by the inductive hypothesis, we know that there exist at least two words in Fµ of length at most
(µ+ 1)2, say u and v. Then Fν containsw = [u, v], which has length `(w) ≤ 2(`(u)+ `(v)) ≤ 4(µ+
1)2. But 4(µ+ 1)2 = (2µ+ 2)2 = (ν + 1)2, giving the upper bound for ν. Moreover, u and v can be
chosen inmanyways, so there aremany such possibilities forw, and hence the induction can proceed.
On the other hand, if ν = 2µ (even), we may choose words u from Fµ−1 and v from Fµ, such that
u and v are of respective lengths of at most µ2 and (µ + 1)2, and that u and v begin with the same
symbol (which can be achieved by a suitable permutation if necessary). Since cancellation occurs in
the sub-word v−1u of the commutator u−1v−1uv, we find thatw = [u, v] has length
`(w) ≤ 2(`(u)+ `(v))− 2 ≤ 2(µ2 + (µ+ 1)2)− 2 < (2µ+ 1)2 = (ν + 1)2.
Again u and v can be chosen in many ways, so the induction can proceed, and this completes the
proof. 
The rest of this section is devoted to finding better estimates of Nil(k, ι, ν), where we can.
When ν = 1, the groupΓ is abelian, and the above quadratic bound is sharp; that is, Nil(k, ι, 1) = 4
for all k > 2 and all ι. To see this, consider the abelian groups C ι2×C (k−ι)/25 , inwhich the only non-trivial
relators of length less than 4 are the squares of the involutory generators.
When ν = 2 and k = ι = 3, the upper bound of 8 given in the proof of Theorem 2 is also sharp, as
may be seen easily from construction of a cubic Cayley graph of girth 8 for a particular group of order
64 and nilpotency class 2 generated by three involutions. Using an exhaustive search through small
groups, we have also established that this is the smallest nilpotent group of class 2 having a cubic
Cayley graph of girth 8, and is the only such group of order 64. In fact it is SmallGroup(64,73) in
the database of small groups in both GAP [9] andMagma [3], but more importantly, it is isomorphic
to the universal nilpotent 2-group generated by three involutions, namely
F(3, 3; a, b, c)/F2(3, 3; a, b, c).
Consequently, 8 is the length of the shortest word in F2(3, 3; a, b, c), and this gives Nil(3, 3, 2) = 8.
This case just considered is not unique. In fact, for any k, the group
F(k, k; a1, a2, . . . , ak) = 〈 a1, a2, . . . , ak | a21 = a22 = · · · = a2k = 1 〉
is generated by k involutions, and so its universal k-generator class ν quotients
F(k, k; a1, a2, . . . , ak)/Fν(k, k; a1, a2, . . . , ak)
are finite for all k > 2 and all ν ≥ 1. We would like to thank Mike Newman, who pointed out to us
that a proof of this may be found in [14, Chapter 5]; specifically, it follows from Exercises 7 and 8 of
Section 5.7 in combination with the Witt formula from Theorem 5.11 of [14].
When k = 3 for example, it is a straightforward exercise (using either the Witt formula or
the NilpotentQuotient function in the Magma system [3]) to obtain the orders of the universal
quotient groups Uν = F(3, 3; a, b, c)/Fν(3, 3; a, b, c) for small values of ν, as follows:
ν 1 2 3 4 5 6 7 8 9 10 11
|Uν | 23 26 211 219 233 256 297 2168 2295 2521 2933
Use of Magma also provides us with further values of Nil(3, 3, ν), which then give us the following
more general result.
Theorem 3. The following are the exact values of Nil(k, k, ν) for 1 ≤ ν ≤ 11, for all k > 2:
ν 1 2 3 4 5 6 7 8 9 10 11
Nil(k, k, ν) 4 8 14 20 28 34 38 50 50 68 68
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Proof. The numbers in the second row of the table are the lengths of the shortest cyclically reduced
words in F(3, 3; a1, a2, a3) that lie in Fν(3, 3; a1, a2, a3), as determined with the help of Magma [3],
for 1 ≤ ν ≤ 11. Now by Theorem 1, such lengths are upper bounds for Nil(3, 3, ν), and since
they are realized by Cayley graphs for the finite groups Uν = F(3, 3; a1, a2, a3)/Fν(3, 3; a1, a2, a3),
they give the exact values of Nil(3, 3, ν). But furthermore, it is easy to see that for any k > 3,
they are also the lengths of the shortest cyclically reduced words in F(k, k; a1, a2, . . . , ak) that
lie in Fν(k, k; a1, a2, . . . , ak), since introducing the new free involutory generators a4, a5, . . . , ak
cannot decrease the lengths of the shortest cyclically reduced words in F(3, 3; a1, a2, a3) that lie
in Fν(k, k; a1, a2, . . . , ak). Hence these numbers give upper bounds for Nil(k, k, ν), for 1 ≤ ν ≤
11. Finally, since the above quotients Uν are class ν nilpotent quotients of F(k, k; a1, a2, . . . , ak),
obtainable by mapping each of a4, a5, . . . , ak to the identity element of Uν (for example), it follows
that these bounds are sharp. 
We have proved the above for groups generated by involutions, but similar values can be found for
Nil(k, ι, ν) for other values of ι (less than k) as well.
Theorem 4. Nil(k, ι, ν) is equal to the length of the shortest cyclically reduced element of the group
F = F(k, ι; a1, a2, . . . , an) that lies in Fν whenever k ≥ 3, 0 ≤ ι ≤ k, and ν ≥ 1.
Proof. By Theorem 1, we know that this length is an upper bound for Nil(k, ι, ν), so all we have to
do is prove that it is sharp. Let q be a large power of 2, greater than twice the length of the shortest
cyclically reduced element of F that lies in Fν . Now define
Qk,ι,q = 〈 a1, a2, . . . , an | a21 = a22 = · · · = a2ι = aqι+1 = aqι+2 = · · · = aqn = 1 〉,
which is simply the quotient of F = F(k, ι; a1, a2, . . . , an) obtained by adding the relations aqι+1 =
aqι+2 = · · · = aqn = 1 to those for F . Again by the arguments presented in [14, Chapter 5],
the universal class ν quotient Q/Qν of this group Q = Qk,ι,q is finite. Moreover, the length of the
shortest cyclically reduced element of Q that lies in Qν is equal to the length of the shortest cyclically
reduced element of F that lies in Fν , because the choice of (large) q ensures that adding the relations
aqι+1 = aqι+2 = · · · = aqn = 1 cannot decrease it. Hence this length is a sharp upper bound for
Nil(k, ι, ν), as required. 
Corollary 2. The following monotonicity conditions hold for all k, ι and ν:
(a) Nil(k, ι, ν) ≤ Nil(k, ι, ν + 1), and
(b) Nil(k+ 2, ι, ν) ≤ Nil(k, ι, ν), and
(c) Nil(k+ 1, ι+ 1, ν) ≤ Nil(k, ι, ν).
Proof. First, (a) is an easy consequence of Theorem 4, since Fν+1 ⊂ Fν .
Next, for (b), let G = Cay(Γ , X) be any Cayley graph for a finite nilpotent group Γ of class ν with
generating set X of size k+2 and containing ι involutions, where k ≥ ι. Removing any non-involution
and its inverse from X gives us a subset Y of Γ that generates a nilpotent subgroupΛ of class at most
ν, and removing the corresponding edges of G gives a graph that has the Cayley graph H = Cay(Λ, Y )
as a connected component. Now by (a), the girth of H is at most Nil(k, ι, ν), and because any girth
cycle in H is also a cycle in G, it follows that G has girth at most Nil(k, ι, ν).
The proof of (c) is similar to that of (b) and is left to the reader. 
It could be tempting to conjecture also that Nil(k, ι + 2, ν) ≤ Nil(k, ι, ν) for all k, ι and ν, but
this is not always true. For example, Nil(3, 3, 2) = 8 while Nil(3, 1, 2) = 6, because in the group
F = F(3, 1; a, x) = 〈 a, x | a2 = 1 〉, the subgroup F2 contains the element
ax−2ax2 = [a, x]x−1[a, x]x = [a, x]2 [[a, x], x] = [a, [a, x]] [[a, x], x],
and there exist Cayley graphs for class 2 quotients of F/F2 of orders 24, 32, 40, 48, and so on, in which
this element provides a girth cycle (of length 6).
We conclude this section by presenting a table of the values of Nil(k, ι, ν) in this and other small
cases, togetherwith examples of the correspondingly shortest cyclically reduced element of the group
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F = F(k, ι; a1, a2, . . . , an) lying in Fν , and the orders of particular quotients in which the girth bound
is attained:
(k, ι, ν) Nil(k, k, ν) Example of a shortest
word
Quotient order
(3, 1, 2) 6 ax−2ax2 32
(3, 1, 3) 10 ax−4ax4 256
(3, 1, 4) 12 ax−2ax2ax2ax−2 2048
(3, 1, 5) 16 ax−4ax2ax4ax−2 65536
(4, 0, 2) 8 x−1y−1xyx−1yxy−1 512
(4, 0, 3) 14 xy−1x−2yxy−1xyx−2y−1xy 524288
(4, 0, 4) 14 xy−1x−2yxy−1xyx−2y−1xy 536870912
Note that the shortest words given for the cases (k, ι, ν) = (4, 0, 3) and (4, 0, 4) are the same.
When (k, ι, ν) = (4, 0, 3), we may take u = [y, x−1] and v = [x, y] from F1 and obtain w = [u, v] =
xy−1x−2yxy−1xyx−2y−1xy as a short element in F3. On the other hand, when (k, ι, ν) = (4, 0, 4),
we may replace u by u′ = [[x, y], x−1] = y−1x−1yxy−1xyx−1 (from F2) and obtain w′ = [u′, v] =
xy−1x−2yxy−1xyx−2y−1xy, which is the same as w. This is somewhat surprising: we would have
expected the length of the shortest non-trivial elements in Fν to be a strictly increasing function
of ν.
The values of Nil(k, ι, ν) in other cases such as (k, ι, ν) = (4, 2, 2) can be obtained from these in
the obvious way.
5. Girth of Cayley graphs of solvable groups
We now extend the observations of the previous two sections to the class of solvable groups.
The derived series of a group Γ is the descending chain
Γ = Γ (0) ≥ Γ (1) ≥ · · · ≥ Γ (i−1) ≥ Γ (n) ≥ Γ (i+1) ≥ · · ·
of subgroups of Γ defined by setting Γ (0) = Γ and Γ (i+1) = [Γ (i),Γ (i)] for all i ≥ 0. If the derived
series for Γ terminates at the identity subgroup after finitely many steps (that is, with Γ (i) = 〈1Γ 〉 for
some i ), then the groupΓ is said to be solvable, and if δ is the smallest value of i for whichΓ (i) = 〈1Γ 〉,
then Γ is said to have derived length δ.
The proof of the next theorem follows along exactly the same lines as the proof of Theorem 1 for
nilpotent groups.
Theorem 5. Let Γ be a solvable group of derived length δ, with a Cayley generating set that contains ι
involutions, and let n = ι + (k − ι)/2. Then the girth of Cay(Γ , X) is bounded above by the length of a
shortest cyclically reduced word of the group F = F(k, ι; a1, a2, . . . , an) that lies in the δth term F (δ) of
the derived series of F . 
Although solvable groups constitute a much larger and more complicated class of groups than the
class of nilpotent groups, the majority of the results from the previous section extend to solvable
groups. This happens because of the following connection between the lower central series and the
derived series of a group Γ :
Γ (n) ≤ Γ2n for all n. (3)
(For a proof of thiswell known fact, see [16, p. 201&p. 216], for example.) In particular, every nilpotent
group Γ is solvable, with derived length that is logarithmic in the nilpotency class of Γ .
Corollary 3. For every k, ι and ν such that k > 2, 0 ≤ ι ≤ k and δ > 0, there exists an integer hk,ι,δ
with the property that for every solvable group Γ of derived length δ and every Cayley graph Cay(Γ , X)
of degree k whose generating set contains ι involutions, the girth of Cay(Γ , X) is bounded above by hk,ι,δ .
Proof. This is analogous to the nilpotent case: take hk,ι,δ as the length of the shortest cyclically reduced
word in F (δ)(k, ι; a1, a2, . . . , an). 
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6. Estimates for the girths of Cayley graphs of solvable groups
Here we define Sol(k, ι, δ) to be the smallest positive integer g with the property that the girth of
every Cayley graph Cay(Γ , X) of a finite solvable group of derived length δ with generating set X of
size k and containing ι involutions is at most g , for k > 2, 0 ≤ ι ≤ k and ν > 0.
This section is devoted to finding good estimates of Sol(k, ι, δ). As earlier, we assume k > 2 (since
if k = 2 then the group Γ is either cyclic or dihedral, and Cay(Γ , X) is a cycle, with unbounded
girth). Similarly, we recall that by Theorem 5, an upper bound for Sol(k, ι, δ) is given by the length of a
shortest cyclically reducedword in the δth term F (δ) of the derived series of F = F(k, ι; a1, a2, . . . , an).
Our first bound comes from the observation that if u and v are elements of length at most ` in Γ (δ)
then their commutator w = [u, v] = u−1v−1uv is an element of [Γ (δ−1),Γ (δ−1)] = Γ (δ) of length at
most 4`:
Theorem 6. Sol(k, ι, δ) ≤ 4δ whenever k ≥ 3, 0 ≤ ι ≤ k, and δ ≥ 1. 
The above bound is sharp for the abelian case δ = 1, where words of length 4 of the form
[ai, aj] = a−1i a−1j aiaj provide girth cycles.
For δ > 1, it is certainly not sharp, because some cancellation is possible in words of the form
u−1v−1uv for u, v ∈ Γ (δ−1).
For example, in the metabelian case δ = 2, when n = ι + (k − ι)/2 > 2 we can take
u = [a, b] = a−1b−1ab and v = [b, c] = b−1c−1bc for any three distinct elements a, b, c of the
generating set {a1, a2, . . . , an}, and get
[u, v] = [b, a][c, b][a, b][b, c] = b−1a−1bac−1b−1cba−1b−1ac−1bc,
of length 14. In fact we could even take c = a−1 whenever k > ι (and k > 2) and a is non-involutory,
and get
[u, v] = [b, a][a−1, b][a, b][b, a−1] = b−1a−1ba2b−1a−1ba−1b−1a2ba−1,
which is again of length 14. Thus Sol(k, ι, 2) ≤ 14 whenever ι+ (k− ι)/2 ≥ 2.
Moreover, there exist metabelian groups of order 256 generated by three involutions with
corresponding Cayley graphs of girth 14, so this bound is sharp for k = ι = 3. (Two such examples are
SmallGroup(256,3026) andSmallGroup(256,3196) in the database of small groups in GAP [9]
andMagma [3].) Thus Sol(3, 3, 2) = 14, and it follows that Sol(k, k, 2) = 14 for all k ≥ 3.
Similarly, there exists a metacyclic group of order 406 (in fact, a split extension of C29 by C14)
generated by an involution and an element of order 14with corresponding Cayley graph of girth 14, so
this bound is also sharp for (k, ι) = (3, 1). Perhaps not accidentally, such a Cayley graph (constructed
by Hoare [12]) was a longstanding record-holder among known 3-valent graphs of girth 14, that was
only recently improved by a voltage graph construction in [6], giving a smaller example of order 384.
The example of order 406 gives Sol(3, 1, 2) = 14, and it follows that Sol(k, ι, 2) = 14 whenever
k > ι ≥ 1.
Finally, the group Γ = Z467o3 Z233 = 〈 x, y | x467 = y233 = 1, y−1xy = x3 〉 has a 4-valent Cayley
graph Cay(Γ , X) based on a generating set X consisting of y and xy7 and their inverses, with girth 14.
Thus Sol(4, 0, 2) = 14, and it follows that Sol(k, 0, 2) = 14 whenever k = 2n > 3.
In summary, we have the following:
Theorem 7. Sol(k, ι, 2) = 14 whenever k ≥ 3 and 0 ≤ ι ≤ k. 
In the remaining part of this section, we give substantially improved bounds for Sol(k, ι, 3),
Sol(k, ι, 4) and Sol(k, ι, 5).
First, Sol(3, 3, 3) ≤ 44, because one of the shortest cyclically reduced elements of F(3, 3; a, b, c)
lying in F (δ)(3, 3; a, b, c) is the element
cacababcacabacbacacbcbacacbabacacbacbcacabcb (=[[[a, b], [a, c]], [[a, c], [c, b]]]),
of length 44. It follows that also Sol(k, k, 3) ≤ 44 for all k ≥ 3.
Similarly, Sol(3, 1, 3) ≤ 50, because one of the shortest cyclically reduced elements of F(3, 3; a, x)
lying in F (δ)(3, 3; a, x) is the element
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xax−1ax−1ax2ax−1ax−1axaxax−2axaxax−1axax−2axaxax−2ax2ax−1ax−1ax2ax−1a
(=[[[a, x], [a, x−1]], [[a, x], [x−1, a]]]),
of length 50. It follows that also Sol(k, ι, 3) ≤ 50 whenever k > ι ≥ 1.
Finally, Sol(4, 0, 3) ≤ 48, because one of the shortest cyclically reduced elements of F(4, 0; x, y)
lying in F (δ)(4, 0; x, y) is the element
yx−1y−1xy−1x−1y2xy−1x−1y−1xyxy−1x−2yxy−1xyx−1yx−1y−2xyx−1yxy−2
x−1yx2y−1x−1yx−1y−1x2yx−1 (=[[[x, y], [x, y−1]], [[x, y], [y, x−1]]]),
of length 48. It follows that also Sol(k, 0, 3) ≤ 48 whenever k = 2n > 3.
Bounds for the cases δ = 4 and δ = 5 are as follows:
(a) Sol(k, k, 4) ≤ 148 and Sol(k, k, 5) ≤ 496 for all k ≥ 3;
(b) Sol(k, ι, 4) ≤ 168 and Sol(k, ι, 5) ≤ 552 whenever k > ι ≥ 1;
(c) Sol(k, 0, 4) ≤ 156 and Sol(k, 0, 5) ≤ 520 whenever k = 2n > 3.
These and many of the other bounds in this section were obtained with the help of GAP [9] and
Magma [3].
7. Final observations
An obvious consequence of the above bounds is that in order to construct an infinite family of
solvable groups with Cayley graphs of increasing girth, one has to use groups with increasing derived
length. Because of the natural importance of the size of the Cayley graphs, in this final section we
consider the relationship between the derived length of a solvable group and its order.
To measure the efficiency of constructions of infinite families of (k, g)-graphs with respect to the
Moore bound (1), Biggs observed in [1] that
n(k, g) ≥

1+ k
k− 2 × (k− 1)
(g−1)/2, for g odd
2
k− 2 × (k− 1)
g/2, for g even.
(4)
These bounds suggest thatminimal k-regular graphs of girth g shouldhave approximately (k−1)g/2
vertices. Accordingly, when considering an infinite family of k-regular graphs {Gi} of increasing girth
gi, we compare their orders vi to the orders provided by the above bound (4).
We say that {Gi} is a family with large girth if there exists γ > 0 such that
gi ≥ γ logk−1(vi) for all i ≥ 1. (5)
It follows from the Moore bound that γ is always at most 2. There are, however, no known infinite
families with γ close to 2.
While there is a large body of literature concerning the relationship between the length of the
derived series and the order of the group, a precise relationship is far from being settled. Fortunately,
reasonable estimates are sufficient for our purposes. Here we draw on information kindly provided to
us by Avinoam Mann, Csaba Schneider, and Stephen Glasby.
The derived length of a solvable group Γ is often related to the group’s composition length c(Γ ) =
k1+ k2+ · · · + kr , where the ki are given by the factorization |Γ | = pk11 pk22 . . . pkrr of the order of Γ as
a product of powers of distinct primes p1, p2, . . . , pr .
According toGlasby [10], the derived length δ of a solvable groupΓ of composition length c = c(Γ )
is bounded above by the inequality
δ < 3 log2(c)+ 9, (6)
which in turn yields the following lower bound on the order of a finite solvable groupΓ of (sufficiently
large) derived length δ:
22
δ−9
3 ≤ |Γ |. (7)
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Note that this relates |Γ | to the order of the smallest group of the desired composition length c
(namely a 2-group of order 2c). There are several other known facts about the order of p-groups of
given derived length n; see [5] for example.
In order to compare these bounds to the ones obtained here, we substitute (7) into (5). This gives a
lower bound on the girths gδ of cubic Cayley graphs of solvable groups of derived length δ necessary
for a family of large girth:
gδ ≥ γ logk−1
(
22
δ−9
3
)
≥ γ log2
(
22
δ−9
3
)
= γ 2 δ−93 . (8)
On the other hand, Theorem 6 gives us an upper bound gδ ≤ 4δ . The latter is a long way from the
lower bound given by (8), but we point out to the reader that the estimates used to obtain (8) via (6)
and (7) are quite rough, and do not take into account the suitability of the smallest groups of given
derived length δ for constructing cubic graphs of small degree (and large girth). Also, if one wanted to
use groups other than 2-groups, the odd prime divisors of the group order would most likely have to
increase with the girth.
The best examples of small 3-generated solvable groups of given derived length δ that we have
found in the literature are groups described by Glasby in [11], of order approximately 22
2δ
. Our
computational searches also suggest that such orders of magnitude are required, and thus it appears
to us that solvable groups are generally unsuitable for constructions of families of large girth (in the
sense of Biggs).
In conclusion, we mention that the best currently known family of Cayley graphs of large girth,
identified by Lubotzky, Phillips and Sarnak [13], come from two-dimensional projective special linear
groups, which are insolvable. These graphs were shown in [13] to satisfy (5) with γ ≥ 4/3, for
arbitrary large degree, and subsequently Biggs and Boshier [2] showed that this bound (with γ = 4/3)
is asymptotically sharp.
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